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Let X be a normed space. A mapping T : D --+ X is called a contraction if 
11 TX - Ty 11 < jl x - y 11 for all x and y in D. The space X has the contraction 
extension property if every contraction T defined on a subset D of X can be 
extended to a contraction ? defined on all of X. 
A characterization of classes of spaces having this property is given. 
Let X be a normed linear space. A mapping T defined on a subset 
D of X with values in X is said to be a contraction (also called a 
nonexpansive mapping) if 11 TX - Ty )I < 11 x - y )I for all x, y E D. 
It is interesting, and in some applications important, to seek a con- 
traction T defined on all of X which extends T, i.e., TX = TX for all 
x E D. We say that the space X has the contraction extension property, 
abbreviatedproperty (E), if for each subset D C X and each contraction 
T: D + X there exists a contraction T: X -+ X which extends T. 
It is our purpose here to characterize classes of spaces having property 
(E). In this we will make use of certain related combinatorial-geometric 
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properties of X. We employ the usual notation for balls: B( y, r) = 
(x:xEX,IIX-yll d > r ; and we refer to B(0, 1) as the unit ball. 
We say that the space X has the Kirsxbraunproperty for the cardinal y, 
abbreviated property (K, y), if for each set of’points xi , yi E X and reals 
ri > 0, i E I, such that I is an index set with cardinality y, such that 
I/ yi - yj jl < /I xi - xj 11, for all i, j E 1, and such, that nis, B(xi , YJ is 
nonempty, it follows that &, B( yi , ri) is also nonempty. We say that 
the space X has the Kirsxbraun property, abbreviated property (K), 
if X has property (K, y) for all y. It is wellknown and readily verified 
that: 
(1) X has property (E) f i and only if it has property (K). 
Kirszbraun [7] showed that every finite dimensional Hilbert space has 
property (K), and this result was extended by Valentine [12] to all 
Hilbert spaces. We note parenthetically that, in analogy to (l), X has 
property (K, r) if and only if X has the following restricted contraction 
extension property: For each subset D C X with cardinality D < y, 
each point x,, E X, and each contraction T: D --f X there exists a 
contraction F: D u {x,,} + X which extends T. 
We say that the space X has the y, 2 intersection property for the 
cardinal y > 2, abbreviated intersection property (y, 2), if for each set 
of balls B(xi , ri), iE I, such that I is an index set of cardinality 
and such that B(xi , ri) n B(xj , rj) is nonempty for all pairs i, j E I, 
it follows that the intersection fiis, B(xi , ri) is nonempty. We say that 
X has the jinite-two intersection property if X has the intersection 
property (y, 2) for all finite y. We say that X has the binary 
intersetion property if X has the intersection property (y, 2) for all y. 
The following relation between the properties follows immediately 
from the definitions. 
(2) If X has the intersection property (y, 2) then X has 
property (K Y). 
Combining (2) with the Kirszbraun-Valentine results we find, 
(3) If X has the intersection property (y, 2) or if X is a Hilbert 
space then X has property (K, y). 
The following theorem states a partial converse for (3). 
THEOREM 1. Let X be a real Banach space. Suppose that the unit 
ball of X contains at least one extreme point. Then the following two 
properties are equivalent: 
(4) X has property (K, 3), 
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(5) X is either a Hilbert space or X has the intersection property 
(3, 2). 
Moreover, the following three properties are equivalent: 
(6) X has property (K, 4), 
(7) X has property (K, n) for all finite n,
(8) X is either a Hilbert space or X has the finite-two intersection 
property. 
Remark 1. It is not known whether the hypothesis about the 
existence of an extreme point is necessary for the validity of the 
theorem. 
By virtue of work of Aronszajn and Panitchpakdi [l], Goodner [4], 
Kelley [6], Lindenstrauss [S], and Nachbin [9] on the intersection 
property (Y, 2) and the aforementioned work of Kirszbraun and 
Valentine, we can readily derive the following theorem, charac- 
terizing spaces having property (E), as a corollary of Theorem 1. 
Results from Lindenstrauss [8] are also used in the proof of Theorem 1. 
THEOREM 2. Let X be a real Banach space. Suppose that X is a 
conjugate space. (For example, X may be a reflexive space.) Then the 
following properties are equivalent: 
(9) X has property (E), 
(10) X has property (K, 4), 
(11) X is either a Hilbert space or a P, space, i.e., a space isometric 
to a C(Q), where 52 is an extremally disconnected compact 
Hausdorff space. 
Remark 2. The equivalence between (9) and (11) was shown by 
Griinbaum [S] for the case dim X = 2, extended by Schonbeck [lo] 
to the case dim X < co, and extended hereby to the case that X is a 
conjugate space. It is worth mentioning that we know of no example of 
a Banach space which satisfies (9)without also satisfying (11). 
A Banach space X is said to have property (n,) if there exists a set 
of finite dimensional linear subspaces M, , CL EA, directed by inclusion, 
such that closure (JarsA M, = X and such that each M, is the range of 
a linear projection L,of norm 1, i.e., L : X -+ M, , L,’ = L, , L,x = x 
for all xE M, , and 1) L, 11 = 1. A Banach space is said to be an MI 
space if there exists a set of finite dimensional linear subspaces N, , 
cy. E A, directed by inclusion, such that each N, is a PI space and such 
that closure UacA N, = X. Every P, space is an Jlr, space, 
Lindenstrauss 181. 
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THEOREM 3. Let X be a real Banach space which has property 
(n,). If in addition X has property (E), then X is either a Hilbert or 
an Jlrl space. 
The proofs of all three theorems appear in Section 1 below. The 
proof of Theorem 3 depends on a result of a paper by the present 
authors, which is noted in the following remark. 
Remark 3. Alongside the problem of determining whether or not a 
space X has the contraction extension property, it is equally important 
and interesting to determine whether or not it has the extension 
property for contractions defined in closed convex subsets of X. In [3] 
the present authors considered various aspects of the latter problem. 
However, it is far from being well understood. 
1. Proofs. The proof of Theorem 1 will depend on the following 
sequence of lemmas. Throughout, X is a real normed space of 
dimension not less than two. We make use of the quantity r(xi , xa , xa) 
defined for all xi , xa , xa E X by 
We say that the number r(xl , x2 , XJ is achievedfor (x1 , x2 , x3) if (12) 
is achieved as a minimum; i.e., if there exists x = z(xi , xa , xa) such 
that max{lj z - xi 11 : i = 1,2, 3) = r(xl , x2 , x3). 
LEMMA 1. Let X be a real normed linear space with property (K, 3). 
ForeachX,O \<X < 1,Zet 
For each h there exists a number m(h) such that 
(14) l/2 < 44 = % , x2 , x3) for all (x1 , x2 , x3) E A(/\). 
Moreover $ the number m(h) is achieved for some (x1 , x2 , x,) E A(X) 
then it is achievedfor all (x1 , x2 , x3) E A(h). 
Proof. It follows immediately from the triangle inequality that 
r(xl , x2 , x3) > l/2 for each (xi , x2 , xa) E A(h). If 
y = a 3 x2 9 x3) -=c Y(Yl 3 Y2 > Y3) for (3 , 37,  x3)* (YI 7 Y2 3 Y3) 5 44 
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for some h, then, by virtue of the definition (12), for E > 0 sufficiently 
small, we have 
~B(s,,r+4+4 and ~B(y,,y+~)=#- 
i=l 
Since I/ xi , - xj 11 = /I yi - yj 11, i, j = 1, 2, 3, this contradicts the 
assumption that X has property (K, 3). This proves (14). The last part 
of the lemma is proved in a similar way. This finishes the proof of 
Lemma 1. 
By virtue of Lemma 1 we may define for each space X with property 
(K, 3) and with dim X > 2 the set 
A(X) = {h: 0 < h < 1, m(h) = l/2 and it is achieved for each 
6% ? x2 7 x3) E 441. 
Note, for example, that 0 E n(X) f or all such X. For another example 
if X has the intersection property (3,2) then /l(X) = [0, 11. The 
following two lemmas characterize n(X) in terms of certain geometric 
properties of X. We will make use of the following 
Notation. For x, y E X we denote the line segment 
{tx + (1 - t)y: 0 < t < 1) bY [XT Yl. 
We denote by S the boundary of the unit ball of X; i.e., S = {x: x E X, 
il xII = 11. 
LEMMA 2. Let X be a real normed linear space with property (K, 3) 
and with dim X 3 2. Then X E A(X) if and only if there exist x, y E X 
such that 
(15) [x,y]CSandIJx-y(l =2X, 
i.e., if and only if there exists a line segment of length 2A in the boundary 
of the unit ball. Consequently, if X E A(X) and 0 < A’ < A, then 
x’ E A(X). 
Proof. Assume first that there exist x, y satisfying (15). Let 
x1 = 0, x2 = (3x + y)/4, xa = (x + 3y)/4, and z = (x + y)/4. 
It follows from (15) that (x1 , x2 , x ) 3 E d(h) and that ]I z - xi 11 = l/2, 
i = 1, 2, 3. Hence r(xr ,x2 , x3) = l/2 and it is achieved. It follows 
from Lemma 1 that h E n(X). 
Next assume that X E /l(X). W e rs s fi t h ow that there exists a line 
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segment of length h in the boundary of the unit ball. To this end, 
choose (x1, xa , x3) E d(X) such that x1 = 0. Since A E A(X), there 
exists x E X such that 
j/22 11 = 1) x2 1) = /I x3 jj = I/ 2x, - 22 I] = 1) 2x, - 22 /I = 1. 
Since, moreover, x2 = (l/2)(22) + (1/2)(2x2 - 2x) and x3 = 
(l/2)(22) + (l/2)(2x3 - 22) it follows from the convexity of the unit 
ball that the line segments [22, 2x, - 221 and [2x, 2x, - 221 lie in 
S. The lengths of the segments, (12x, - 42 (1 and (12x, - 42 I/, satisfy 
2A = (I 2x, - 2x, /I < /12x, - 42 [I + 112x, - 42 11. 
Hence, at least one of the segments, say [2x, 2x, - 2x], has length at 
least X and lies in S. Consequently, we can choose ys , y3 E [2z, 2x, - 2z] 
such that (0, y2 , ya) E d(h) and [ yz , y3J C S. Since X E A(X), there 
exists er such that 
112~11 = IIYZII = llY3ll = II2Y2 --WI1 = ll2Y3--f9ll = 1. 
Let w = 271, x = 2y, - 2v, and y = 2y3 - 2v. Then, 
(16) IIWW + (1/4)x + (U~)Y II = II(yz + y3)/2 II = 1, 
because [ yr , yJ C S. Since jj w 1) = I] x )I = )I y )I = 1 it follows from 
(16) and the convexity of the unit ball that the convex hull of w, x and y 
lies in S. In particular; 
lx, Yl c s. 
Moreover, the length of [x, y] is given by 
This proves that if h E A(X), then there exists x, y satisfying (15). 
The last part of the lemma follows immediately from (15). This 
finishes the proof of Lemma 2. 
LEMMA 3. Let X be a real normed linear space with property (K, 3) 
and with dim X 3 2. Suppose that the grzit ball of X is not strktZy 
convex and that it co?ztains at least one extreme point e. Let M be a 
2-dimensional linear subspace of X such that e E M. Then M is a PI 
space. Moreover, A(X) = [0, 11. 
Proof. Let 
(17) x* = sup/l(X). 
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Since the unit ball of X is not strictly convex, it follows from Lemma 2 
that A* > 0. Let e be an extreme point of the unit ball of X, and let 
M be a 2-dimensional linear subspace of X such that e E M. Letf be a 
linear functional defined on M such that I/f jj = 1 and f(e) = 0. 
Let A, be a sequence such that A, E A(X) and A, -+ X*. Choose 
sequences x, and yTA E M such that 11 x, 11 = Jj yn )/ = 1, such that 
II xn -4 = lk--II = L, and such that f(xn) < 0 <f( y,). 
It follows that there exists x*, y* E M such that 
(18) x,-+x* andy,+y* as n-+ 00. 
Moreover, using the fact that 0 < A* < 1, we also have 
(19) 11 x* - e 11 = \j y* - e 11 = A* andf(x*) < 0 <f( y*). 
Since (0, x, , e) E A(&) and A, E A(X) it follows that there exists zn 
such that 
m=4ll zn IL II xn - z, IL II e- z, II> = l/2, n = 1, 2,... . 
By the triangle inequality this is equivalent to 
(20) II % II = II x, - z, jj = 11 e - x, 11 = l/2, n = 1,2 ,... 
Since e is an extreme point, I( .zn I( = 11 e - x, I( = l/2 implies 
(21) x, = e/2, n = 1, 2 ,... 
Hence, by (20), ]\2x, - e )I = 1. Since, moreover, 
x, = (1/2)(2~ - 4 + (We and II x, \I = II eII = 1, 
it follows from the convexity of the unit ball that [2xn - e, e] C S, 
for all n 3 1. By the same argument, [2y, - e, e] C S, for all n > 1. 
In the limit, letting u = 2x* - e and D = 2y* - e, we find 
(22) [u, e], [w, e] C S and (I u - e /I = j\ z, - e I( = 2X*. 
We next prove that u = -v and A* = 1. To this end we consider 
the quadrilateral with vertices 0, U, ZJ, and e. Since 11 u II = 1) ~1)) =
(I e II = 1 and, by (N), f(u) = f@*) < 0 = f(e) < fOy*) = f(s), 
we can choose numbers CII and /3 such that 
(23) ol~+(1-~)~,=~e,andO<or<1,-l~~~1. 
Hence 
(24) --u = ((1 - ~)/u)v + (-fl/a)e and --ZI = (a/(1 - OI))U 
+ (-B/(1 - 4)e. 
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If j3 < 0 it follows from (24) and [u, e], [v, e] C S that 
(1 - + - p/a = 1 = cz/(l - a) - /?/( I - (11), 
and consequently OL = l/2 and j3 = 0. Hence in (23) p may be 
restricted by 0 < /3 < 1. This means, in particular, that the quadri- 
lateral with vertices 0, U, e, and o is convex. By the triangle inequality, 
any convex quadrilateral lying in a 2-dimensional normed linear space 
has the property that twice the sum of the lengths of its diagonals is 
greater than or equal to the sum of the lengths of its sides. Applying 
this to our case, we find 
2 II 11 - v II + 2 II e II 3 II 24 II + II v II + II 24 - e II + II v - e Il. 
Equivalently, 
(25) 11 u - v 11 3 U*. 
We note that 11 u - v l//2 = 11 x* - y* (I E cl(X) because 
(0, x*9 r*> E 411 x* - y* II) 
and, by virtue of (18), (20) and (21), ~(0, x*, y*) = l/2 and it is 
achieved. Hence by Lemma 1, ]I x* - y* II E(~(X); and, by (17), 
II x* - y* 11 < X*. Combining this with (25), we find 
(26) (I u - v 11 = 2h*. 
Applying the triangle inequality to 0, u, /3e and to u, /3e, e and keeping 
inmindthato </3 < 1,wefind 
(27) (I u - ,Be II + p > 1 and 1 - /3 + 11 u - /3e II > 2h*. 
Addition of the two inequalities in (27) yields 11 u - Be II > h*. 
By the same argument: /I v - /3e II > h*. Since 11 u - v II = 
II u- Se II + II v- Pe II we can combine the latter two inequalities 
with (26) to conclude 
(28) 11 u - /3e 11 = 11 v - ,8e /I = A*. 
Substituting /I u - /3e 1) = X* in (27) we find 
(29) /3 = 1 - h*. 
Let x1 = (u - pe)/2h*, xg = (v - fie)/U*, and xa = (e - fle)/W*. 
Then, by (22) and (26), II xi - xi I/ = 1, i # j, i.e., (xi , x2 , xa) Ed(l), 
and II x, - 0 I( = l/2, i = 1, 2, 3, i.e., r(xr , x2 , xg) = l/2 and it is 
achieved. Hence, by Lemma 1, 1 E cl(X); and, by (17), h* = 1. 
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Substitution of h* = 1 in (29) yields /3 = 0. Substituting /3 = 0 in 
(23) and using 1) u jJ = jJ z, jl = 1 we finally find u = --zI. 
Since u = --z, we conclude from (22) that [u, e], [-U, e] C S. 
Consequently I/ yu + Se /I = j y 1 + j S 1, for all real y and 6; and hence 
M is a P, space. Since X * = 1 E A(X) it follows from Lemma 2 that 
A(X) = [0, 11. This finishes the proof of Lemma 3. 
LEMMA 4. (Contained in Edelstein and Thompson [2, Theorem 2.11 
and in &h&beck [ll, Theorem 11). Let X be a Banach space with 
prop&y (K, 3). Suppose that the unit ball of X is strictly convex. Then X 
is a Hilbert space. 
Proof of Theorem I. If X has dimension one, there is nothing to 
prove. Hence we assume throughout that dim X 3 2. 
(5) - (4). If x is a Hilbert space, this follows from the afore- 
mentioned result of Valentine; and if X has the intersection property 
(3,2), this follows from (3). 
(4) a (5): If th e unit ball of X is strictly convex, this follows from 
Lemma 4. If the unit bail of X is not strictly convex, we propose to 
show that X has the intersection property (3, 2). Thus we need to 
show that if B( yi , ri), i = 1, 2, 3 are balls such that 
WY, 9 Ti) n WY, , Tj> f 4% i,j = 1,2, 3, 
then t$=, B( yi , ri) # c#. By a result of Lindenstrauss [S, Theorem 
4.31, we may assume rl = r2 = r3 = r. Since the unit ball of X has 
an extreme point we deduce from Lemma 3 that 1 E A(X), and hence 
there exists wr , wa , ws , v E X such that /I wi - wj 11 = 1, i J; j, and 
II wi - v II = v, i = 1, 2, 3. Let xi = (2r) wi , i = 1, 2, 3 and 
w = (2r)v. Then (I yi - yj 11 < 2r = I/ xi - xi I(, i #j, and /I xi - w jl =
r, i = 1,2, 3. Since X has property (K, 3) this implies that there exists 
y E X such that y E &r B( yi , I), as desired. 
(8) * (7): The proof of this is completely analogous to the proof 
of (5) 3 (4). 
(7) 3 (6): This is obvious. 
(6) * (8): If the unit ball of X is strictly convex, this follows from 
Lemma 4. If the unit ball of X is not strictly convex, we propose to 
show that X has the finite-two intersection property. By a result of 
Lindenstrauss [8, Theorem 4.11 this is equivalent to showing that X 
has the intersection property (4,2). Thus we need to show that if 
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B( yi , TJ, i = 1,2, 3,4 are balls such that B( yi , Y$) 0 B( yj , ri) # #, 
i,j = l,..., 4 then & B( yi , YJ # 4. For the same reason as in the 
proof of (4) 3 (IS), we may assume that rl = r2 = r3 = r4 = Y. 
Since the unit ball of X has an extreme point we can apply Lemma 3 to 
deduce that X has a 2-dimensional subspace M spanned by u and v 
such that 11 su + tv 11 = 1 s 1 + / t 1 for real s and t. Let x1 = ru, x2 = 
-YU, xg = YV, and xp = --RI. Then I/yi - yj /j ,< 2~ = /I xi - xi II, 
i + i and 11 xi - 0 jl = I( xi jj = Y, i = I,..., 4. Since X has property 
(K, 4) this implies that there exists y E X such that y E &, B( yi , r), 
as desired. This finishes the proof of Theorem 1. 
Proof of Theorem 2. (9) 3 (10): By (I) property (E) is equivalent 
to property (K); and, by definition, property (K) implies property 
(K 4). 
(10) * (II): s ince X is a conjugate space its unit ball contains at 
least one extreme point, and Theorem 1 is applicable. Hence X having 
property (K 4) is equivalent to X either being a Hilbert space or 
having the finite-two intersection property. If the former holds, we are 
finished. If the latter holds, we can combine the weak-star compactness 
of the unit ball with the finite-two intersection property in an obvious 
way to deduce that X has the binary intersection property. By the 
work on the intersection property (y, 2), by the authors noted in the 
introduction, this is equivalent to X being a PI space. Alternatively, 
it was shown by Lindenstrauss [S, Corollary 3 of Theorem 6.11 that if 
X is a conjugate space and has intersection property (4, 2) then X is 
a PI space. 
(11) 5 (9): As noted in the proof of (10) 3 (1 I), X being a PI 
space is equivalent to X having the binary intersection property. 
Hence, using (3), (11) implies that X has the property (K, y) for all y. 
By definition this is equivalent to X having property (K) which, by 
(l), is equivalent o property (E). This finishes the proof of Theorem 2. 
Proof of Theorem 3. Let &I, , OL E A, be a set of linear subspaces of 
X satisfying the definition of property (I&). Since X has property (E) 
and since each M, is finite dimensional and the range of a linear 
projection of norm one, the hypotheses of a theorem of the present 
authors [3, Theorem 11 are satisfied for each a E A. We can conclude 
that either X is a Hilbert space or M, is a PI space for each 01. By 
definition, the iatter alternative means that X is an IV1 space. This 
finishes the proof of Theorem 3. 
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